We propose a novel type of composite light-matter interferometer based on a supersolid-like phase of a driven Bose-Einstein condensate coupled to a pair of degenerate counterpropagating modes of an optical ring cavity. The supersolid-like condensate under the influence of the gravity drags the cavity optical potential with itself, thereby changing the relative phase of the two cavity modes. Monitoring the phase evolution of the cavity output fields thus allows for a nondestructive measurement of the gravitational acceleration. We show that the sensitivity of the proposed gravimeter exhibits Heisenberg-like scaling with respect to the atom number. As the relative phase of the cavity modes is insensitive to photon losses, the gravimeter is robust against these deleterious effects. For stateof-the-art experimental parameters, the sensitivity of such a gravimeter could be of the order of 10 −10 -10 −8 for a condensate of a half a million atoms with long measurement times.
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Introduction.-Precision measurement plays a vital role in fundamental sciences as well as technological applications. Notably, at the beginning of the twentieth century discrepancies between precise measurements and theory led to the birth of quantum mechanics [1] . Interestingly, quantum mechanics itself in turn opened an entirely new avenue in precision measurement now referred to as quantum metrology, which exploits the quantummechanical framework to perform even more precise measurements [2, 3] . Remarkable examples include the development of precise "gravimeters" based on quantum mechanical effects.
A gravimeter is an apparatus that measures tiny variations in the local gravitational acceleration. It allows to measure, e.g., magma build-up before volcanic eruptions, hidden hydrocarbon reserves, and Earth's tides [4] . In addition, it also allows to test more fundamental aspects of physics such as local Lorentz invariance [5] , the isotropy of post-Newtonian gravity [6] , quantum gravity [7] , and gravitational redshift [8] . The current generation of gravimeters include: microelectromechanical gravimeters [4] , free-fall gravimeters [9] [10] [11] , spring-based gravimeters [12, 13] , superconducting gravimeters [14] , optomechanical gravimeters [15, 16] , and atom interferometers [17] [18] [19] [20] [21] .
In the above list, the atom interferometry deserves a special position because of the possibility of harnessing quantum features of many-body systems [22] . In principle, by using entangled resources, it is possible to increase the precision of measurement over the shot-noise limit [23] . However, noise and decoherence limit the creation and use of quantum correlations [24, 25] , especially for large samples. Hence, sub-shot-noise interferometry is currently restricted to proof-of-principle experiments with atoms [26] [27] [28] [29] [30] as well as photons [31] [32] [33] [34] [35] .
In this Letter, we propose a novel type of gravimeter based on a supersolid-like state of a Bose-Einstein condensate (BEC) in an optical ring resonator [36] . Supersolid is an exotic state of matter which simultaneously exhibits seemingly irreconcilable superfluid (i.e., long-range off-diagonal) and crystalline (i.e., diagonal) orders [37] . In other words, a supersolid is a state of matter with spontaneously broken continuous spatial transitional symmetry and internal gauge invariance. Naïvely speaking, it can be envisaged as a solid capable of a dissipationless flow. This elusive state of matter has been very recently realized in a spin-orbit-coupled BEC [38] and a self-organized BEC inside two crossed linear cavities [39] .
Our scheme consists of a laser-driven BEC coupled to two dynamic counterpropagating modes of a ring cavity [36] , where the BEC also feels the gravitational (or any other type of) linear potential as depicted in Fig. 1 .
FIG. 1.
A schematic representation of the system. The cavity is tilted with respect to the horizontal direction by an angle θ. The relative phase φ of the two counterpropagating cavity modesâ± is measured in the cavity output to monitor the motion of the BEC along the cavity axis, described byψ(x, t). The transverse pump laser is indicated by η0.
arXiv:1812.04001v2 [quant-ph] 12 Dec 2018
In the absence of the gravitational potential and above a critical pump strength, the steady state of the system is a superradiant supersolid state. More precisely, the quantum state of the system comprises a superposition of electromagnetic fields with equal amplitudes and various phases correlated with corresponding atomic density patterns. Due to quantum jumps induced by cavity photon losses [40] [41] [42] , this highly entangled atomfield state collapses subsequently into a state with a certain random relative field phase and the corresponding atomic density pattern, spontaneously breaking the continuous U (1) symmetry of the system and resulting in a supersolid state [43] . The corresponding gapless Goldstone mode is the frictionless center-of-mass motion of the BEC, which drags the cavity optical lattice with itself and hence changes the relative phase of the two field modes. Therefore, this composite atom-field dynamic can be monitored non-destructively in real time via the relative phase of the two field modes in the cavity output [44] [45] [46] . That said, the deleterious aspect of photon losses does not impair the supersolid phase as photon dissipations do not affect the relative phase of the two cavity modes and the continuous U (1) symmetry of the system [36] .
The gravitational potential breaks explicitly the continuous U (1) symmetry of the system and destroys the supersolidity. As a consequence, the BEC also experiences a friction force due to photon losses. Nonetheless, the BEC still perfectly drags the cavity optical potential with itself as it moves due to the gravitational and friction forces, exhibiting a "supersolid-like" behavior-a direct consequence of ring geometry of the cavity. Therefore, the gravitational acceleration can be measured nondestructively in real time via the relative phase of the cavity output fields as shown in Fig. 2 . Due to the superradiant nature of the intra-cavity fields, their intensities are proportional to N 2 , where N is the number of atoms in the BEC. Therefore, one achieves Heisenberglike scaling of the sensitivity by measuring the cavity fields, destructively or nondestructively, as we will demonstrate. Considering state-of-the-art experimental parameters [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] , we obtain a relative sensitivity in the order of 10 −10 -10 −8 for measuring the gravitational acceleration; see Fig. 3 .
Model.-Consider ultracold two-level bosonic atoms which are trapped in a quasi-one dimension along one arm of a ring resonator by a tight confining potential. This arm of the cavity makes angle θ with the horizontal direction as depicted in Fig. 1 , so that the atoms experience the linear gravitational potential V g (x) = M gx sin θ along the cavity axis. Here M is the atomic mass, and g is the gravitational acceleration. The atoms are transversely driven by an off-resonant, standing-wave pump laser which induces the transition between two relevant internal atomic states with the Rabi frequency Ω 0 . The atomic transition is also off-resonantly coupled to a pair of (initially empty) degenerate, counterpropagating cavity modesâ ± e ±ikcx with the coupling strength G 0 , where k c = 2π/λ c = ω c /c is the wave number of the cavity mode.
After adiabatic elimination of the atomic excited state and in the rotating frame of the pump laser, the system is described by the many-body Hamiltonian
wherê
is the superradiant optical lattice resulting from the interference among the pump laser and the cavity modes.
Hereψ(x) is the atomic annihilation field operator, and
where ∆ a ≡ ω p − ω a is the detuning between the pump-laser frequency ω p and the atomic transition frequency ω a . The dynamic of the system is described by the Heisenberg equations of motion for the atomic field operator i ∂ tψ = [ψ,Ĥ eff ] and the photonic field opera-
where κ is the cavityphoton loss rate. In the thermodynamic limit, quantum fluctuations are small and one can replace the field operators with the corresponding mean-field averages [56] :
ψ (x, t) = ψ(x, t) and â ± (t) = α ± (t) = |α ± (t)|e iφ±(t) . We numerically solve the corresponding coupled meanfield equations using a self-consistent method [36] .
Supersolid.-When the cavity is perfectly aligned along the horizontal direction, θ = 0, then the gravitational potential V g (x) vanishes and the system possess a continuous U (1) symmetry, corresponding to simultaneous spatial translation x → x + X and cavity-phase rotationŝ a ± →â ± e ∓ikcX . Above the critical pump strength η c the system enters the superradiant phase, where the cavity modes are occupied and the BEC density is modulated. Although the amplitude of the two cavity modes in the superradiant state are equal, |α + | = |α − | = |α|, their relative phase φ ≡ (φ + − φ − )/2 is fixed in an arbitrary value between 0 and 2π, spontaneously breaking the U (1) symmetry of the system. Corresponding to the emergent superradiant optical lattice V SR (x) = V SR (x) = 4U 0 |α| 2 cos 2 (k c x + φ) + 4η 0 |α| cos(k c x + φ) cos(Φ), with Φ ≡ (φ + + φ − )/2 being the total phase, the BEC density is modulated and forms a supersolid state.
The gapless Goldstone mode corresponding to the spontaneously broken U (1) symmetry is the center-ofmass motion of the BEC accompanied with a continuous change of the relative phase φ and hence dragging of the optical potential V SR (x). As shown in Ref. [36] , the Goldstone mode is robust against photon losses and does not acquire an imaginary part, indicating that the Goldstone mode is not damped. In other words, the density modulated BEC can move without any friction along the cavity axis dragging the superradiant optical lattice V SR (x) with itself, explicitly exhibiting the supersolidity of the system even in the presence of photon losses.
Gravitometry.-Let us now consider the general case of θ = 0, where the atoms also feel the gravitational potential V g (x). This potential explicitly breaks the U (1) symmetry of the system and destroys the supersolidity, where as a consequence a friction force is also introduced into the system due to photon losses. Nevertheless, as the BEC accelerates and reaches its terminal velocity due to the interplay between the gravitational and friction forces, it still perfectly drags the cavity optical potential V SR (x) [57] with itself displaying a supersolid-like behavior, as a direct consequence of the ring geometry of the cavity. Therefore, the gravitational acceleration can be nondestructively measured via the relative phase of the cavity output fields. Fig. 2 depicts the time evolution of the BEC under the free fall, θ = π/2, obtained numerically from solving the coupled mean-field equations for ψ and α ± : the dashed red line (right axis) shows the position of the center-ofmass of the BEC and the solid red line (left axis) indicates the time evolution of the relative phase φ. The BEC initially accelerates downward due to the gravity, dragging V SR (x) with itself and causing the relative phase to change quadratically in time. As the time passes, the condensate, however, experiences stronger friction force and hence reaches its terminal velocity at times tω r 1.
Subsequently, the relative phase also evolves linearly at times tω r 1, indicating that even in the presence of the gravitational potential [i.e., the absence of a perfect U (1) symmetry] and dissipations the cavity optical lattice V SR (x) follows precisely the motion of the BEC.
We now attempt to obtain a simple heuristic model to describe the time evolution of the system under the free fall and estimate the gravitational acceleration. Assuming the friction force is position independent and depends linearly on the velocity, the time evolution of the relative phase can be described by the following equation,
with the solution
Here φ 0 is the initial relative phase, ξ is the effective friction coefficient and depends on atomic and cavity parameters, most importantly on the photon decay rate κ [58] , and ζ is a unit-less free parameter. Both ξ and ζ can be determined in an experiment via the calibration process by finding first the final velocity of the condensate ζgk c /ξ and then finding the characteristic time 1/ξ. This simple model captures the time evolution of the relative phase very well as illustrated in the inset of Fig. 2 . Therefore, Eq. (4) can be used to estimate the gravitational acceleration with the sensitivity given by the error propagation formula
where m is the number of measurement repetitions, n = |α + | 2 +|α − | 2 is the mean total number of photons, and we have used the phase uncertainty of coherent states to estimate the uncertainty of the relative phase ∆φ ≈ 1/2 √ n. For short times the sensitivity ∆g scales quadratically with time as opposed to typical linear scaling arising from quantum coherence, for instance, in Ramsey interferometry [59] . In the context of gravimetry, a quadratic dependence of phase on time occurs for the commonly used Mach-Zehnder configuration [60, 61] where the relative phase between the matter waves is φ MZ ∝ gT 2 π , with 2T π being the total interrogation time [62, 63] .
Another compelling feature of the sensitivity (5) is the fact that in the superradiant regime the number of photons n is proportional to N 2 , where N is the number of atoms in the BEC. Therefore, we retrieve the SU (2) atomic Heisenberg scaling 1/N of the sensitivity without exploiting entanglement among the atoms [23] . Note, however, that superradiance is a phenomenon inherently connected with the entanglement [64] , and the entanglement is necessary for the quantum collapse to a state with well-defined phase [43] .
Homodyne detection.-To put our considerations in a more realistic context, we now focus on the homodyne detection and calculate the Fisher information. The latter sets the lower bound on the sensitivity through the Cramér-Rao bound ∆g ≥ 1/ √ mF , where F is the Fisher information defined as [65] 
with p(q|g) being the probability of measuring an outcome q given g while performing some measurement. For brevity, we restrict ourselves to homodyne measurement of combined quadratureQ = (âe −iγ +â † e iγ )/2, whereâ =â − +â + and γ is the phase of the local oscillator. Since during the time evolution the number of photons in each mode is approximately constant and equal (confirmed by our mean-field numerical results), the homodyne signal thus reveals the relative phase:
Q ≈ √ n cos φ cos(Φ − γ). Now, if we choose γ such that Φ − γ = jπ with j ∈ N, the probability of measuring q is then given by
with φ = φ(t, g) given by Eq. (4). Inserting this probability into the expression for the Fisher information (6) yields
which for optimal points, i.e, φ = (2j + 1)π with j ∈ N, gives the Cramér-Rao bound on the uncertainty the same as in Eq. (5). Therefore, instead of trying to estimate the value of g from a fixed point, it is more efficient to track the value of quadratureQ in time and fit its time dependence Q (t) ≈ √ n cos φ(t, g), retrieving thus the sensitivity from Eq. (5).
Quantum Fisher information.-To free ourselves from the measurement context, we calculate now the quantum Fisher information which sets the ultimate bound for the sensitivity [23] . For a pure state it can be calculated via [66] ,
is the generator of infinitesimal change along a trajectory parametrized by g. The change of the cavity modes is effectively governed by the phase-shifting operatorÛ (φ) = exp[−iφ(n + −n − )], with φ given by Eq. (4) andn ± =â † ±â± . This yieldŝ h = (k c /ξ
2 )[exp(−ξt) + ξt](n + −n − ). It is then straightforward to show that for coherent states quantum Fisher information is which gives the Cramér-Rao bound on the sensitivity identical to Eq. (5). This should not come as a surprise since all the information about the state is stored in the relative phase (4). The improvement factor of 4 stems from the fact that the considered parameter-estimation scheme exploits single-mode states [67] , in contrary to SU (2) interferometry relying on the interference of two modes, as, for example, in Mach-Zehnder interferometry [68] . Sensitivity.-Finally, in order to show the potential of the supersolid-based gravimeter, we calculate the sensitivity using state-of-the-art experimental parameters. To this end, we take the parameters from a recent BEC-ringcavity experiment [52] . The sensitivity of the supersolidbased gravimeter containing 5 × 10 5 87 Rb atoms is presented in Fig. 3 as a solid blue curve. The sensitivity for the ideal case of frictionless motion, i.e., κ = 0, is shown as a dashed red curve for the sake of comparison.
Although the results presented in Fig. 3 have been obtained under the assumption that all the photons inside the cavity are measured and thus are unlikely to be achieved experimentally, they can still serve as a benchmark to give a rough estimate of a realistic sensitivity. Assuming we can extract only 10% of photons from the cavity, the estimated relative sensitivity might be of the order of 10 −9 , which is comparable with the state-of-theart gravimeters [20, 21, [69] [70] [71] . Moreover, taking into account a relatively short cycle time (∼ 1s) and the possibility of enhancing the performance of the proposed gravimeter, for example, by increasing the number of atoms and photons or by tuning other experimental parameters, the estimated sensitivity might be of the order of 10
Hz, which is comparable with the theoretically predicted sensitivities reported in Refs. [15, 16] .
Conclusions.-We presented a novel approach for the precise measurement of the gravitational acceleration, by exploiting a supersolid-like state of a driven BEC inside an optical ring cavity. We showed the sensitivity of such a gravimeter is in the order of 10 −10 -10 −8 . The high sensitivity of the presented gravimeter stems from the superradiant and supersolid-like nature of the system. Since the relative phase is not affected by photon and atom losses, our proposed interferometer should be robust against these inexorable losses. In contrary to typical proposals for quantum-enhanced metrology, our interferometer does not rely on a fragile entangled state, instead exploits a robust steady state, making it to be more resilient and versatile [72] . Our proposed interferometer is based on state-of-the-art experiments on quantumgas-cavity systems [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] , and can be implemented with only minimal changes to existing experimental setups.
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SUPPLEMENTAL MATERIAL
Here we present fully quantum-mechanical calculations of the ground state of the system, and we show the quantum collapse to a state where the phases of light are correlated with the position of the BEC. Since the total Hilbert space is a tensor product of Hilbert spaces which comprise it, the numerical calculations are not easy to handle. Here, the position space consists of 64 points and the photonic cutoff is set to 10 for both modes of light; thus the dimension of the total Hilbert space is 7744.
We also calculate the scaling of the number of photons with the number of atoms in the superradiant phase.
GROUND STATE OF THE HAMILTONIAN
The ground state of Hamiltonian (1) is calculated by its exact diagonalization, and it can be written as
where α is the amplitude of the electromagnetic field, and it depends on the number of atoms N and the pump strength η 0 . The ground state of the system with θ = 0 is presented in Fig. S1 . 
QUANTUM COLLAPSE
The quantum collapse (or the spontaneous symmetry breaking) of the state from Eq. (S1) is caused by decoherence induced, for instance, by losses of photons inside the ring cavity. Here we perform an artificial collapse by projecting the state from Eq. (S1) onto a coherent state. As a result, the state of the system is described by |ψ = |x ⊗ |αe ixkc ⊗ |αe −ixkc .
The collapsed state is presented in Fig. S2 . 
SUPERRADIANCE
The number of photons in the superradiant phase is determined by changing the number of atoms and selfconsistently finding the steady state of the system. The scaling of the number of photons with a fitted dependence n = aN b is presented in Fig. S3 . 
